The Weil-Taniyama conjecture states that every elliptic curve E/Q of conductor N can be parametrized by modular functions for the congruence subgroup T0(N) of the modular group r = F5L(2,Z).
Introduction
The Weil-Taniyama conjecture states that every elliptic curve E/Q of conductor TV can be parametrized by modular functions for the congruence subgroup To (TV) of the modular group T = PSL(2, Z). Equivalently, there is a nonconstant map <p from the modular curve Xq(N) to E. We present here a method of computing the degree of such a map tp for arbitrary N. Our method is derived from a method of Zagier in [5] ; by using those ideas, together with techniques which have been used by the author to compute large tables of modular elliptic curves (see [2] ), we are able to derive an explicit formula which is in general much simpler to implement than Zagier's, for arbitrary subgroups of finite index in Y. To implement this formula, one needs to have explicit coset representatives for the subgroup, but it is not necessary to determine an explicit fundamental domain for its action on the upper half-plane %?. In particular, it is simple to implement for To(N) for arbitrary N, in contrast with Zagier's formula, which is only completely explicit for N prime.
In the following section, we review the necessary background on modular parametrizations of elliptic curves. In §3 we introduce some machinery concerning coset representatives and fundamental regions, and state the main result (Theorem 3). This formula for deg((p) is proved in §4. In §5 we discuss the implementation of the method for the case of To(N), and the results of a systematic computation of the degree of the parametrization of all modular elliptic curves of conductors up to 3000, with a table of the results up to 200.
Modular parametrizations of elliptic curves
Let T = PSL(2, Z) be the modular group, and r0 a subgroup of T of finite index. Both act discretely on the upper half-plane %? and the extended upper half-plane %?* = ^uQu{oo} obtained by adjoining the cusps QU{oo}, which form a single T-orbit. The quotient X = XrQ = Tq\^* can be given the structure of a Riemann surface; in the case we are most interested in, where Tn is a congruence subgroup, X is also an algebraic curve defined over a number field, and is called a modular curve.
An elliptic curve E defined over Q is called a modular elliptic curve if there is a nonconstant map <p:X -> E for some modular curve X. The pull-back of the unique (up to scalar multiplication) holomorphic differential on E is then of the form 2nif(x)dx, where f(x) is a holomorphic cusp form of weight 2 for To . According to the Weil-Taniyama conjecture, this should be the case for every elliptic curve defined over <Q>, with To = Tq(N) > where N is the conductor of E. Moreover, the cusp form f(x) should be a newform in the usual sense. [It is also conjectured that f(x) should be normalized, with first coefficient equal to 1. In general, / will be a rational constant c times a normalized newform. In the sequel it will be irrelevant whether the "Manin constant" c is equal to 1, since we define the curve Ef below in terms of a normalized newform, and it is irrelevant whether or not this curve is minimal in the usual sense.]
We will suppose that we are given a normalized cusp form f(x) of weight 2 for r0 . Since the differential f(x)dx is holomorphic, the function (Pi(x) = 2%i i f(QdC (reX*) J oo is well defined (independent of the path from oc to x ). Also, for y e To, the function (0(7) = 9i(7(r)) -9i(r) = 2ni f % f(Ç)dÇ is independent of x, and defines a function co:r0^C, which is a homomorphism. The image Ay of this map will, under suitable hypotheses on / which we will assume to hold, be a lattice of rank 2 in C, so that Ef = C/Af is an elliptic curve. Hence (pi induces a map (p:X = r0\JT* ^Ef = C/Af via (p(x modr0) = (pi(x) mod Ay. The period map co: r0 -» Ay is surjective (by definition) and its kernel contains all elliptic and parabolic elements of T0 . We may write Ay = Zcoi + Zto2 with lm(to2/coi) > 0. Then co(y) = ni(y)col + n2(y)co2, where ni, n2:To -► Z are homomorphisms.
It is important to observe here
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use that these functions are explicitly and easily computable in terms of modular symbols: for the case To = Tq(N) , see [2] for details. Alternatively, given sufficiently many Fourier coefficients of the cusp form f(x), we may evaluate the period integrals cp\ (x) to sufficient precision that (assuming that the fundamental periods co\ and co2 are also known to some precision) one can determine the values of ni(y) and «2(7) for all y e T0. The latter approach is used in [5] . The advantage of the modular symbol approach here is that exact values are obtained directly, and that it is not necessary to compute (or even know) any Fourier coefficients of f(x). On the other hand, it becomes computationally infeasible to carry out the modular symbol computations when the index of To in T is too large, whereas the approximate approach can still be used, provided that one has an explicit equation for the curve E at hand, from which one can compute the periods and the Fourier coefficients in terms of traces of Frobenius (assuming that E is modular and defined over Q ). This method was used, for example, to compute deg(tp) for the curve of rank 3 with conductor 5077, in [5] .
The special case we are particularly interested in is where r0 = To(N) and f(x) is a normalized newform for Vq(N) . Then f(x) is a Hecke eigenform with rational integer eigenvalues and therefore rational integer Fourier coefficients. The periods of 2nif(x) do in this case form a lattice Ay, and the modular elliptic curve Ef = C/Ay is defined over Q and has conductor TV.
In order to compute the degree of the map q>: X -> Ef, the idea used in [5] is to compute the Petersson norm ||/|| in two ways. The first way involves de%((p) explicitly, while the second expresses it as a sum of terms involving periods, which can be evaluated as above. More generally, if co, to' e Ay, with co = n\(co)co\ + n2(co)to2 and co' = n\(co')co\ + n2(co')co2, then (up to sign) we have n\(to) ni(to') n2(co) n2(co')
Coset representatives and fundamental domains
Let S = (, 0 J and T = ( 0 x j be the usual generators for T, so that S has order 2 and TS = (, 0 J has order 3.
As fundamental domain for T we may take the triangular region & with vertices at 0, p = (1 + z\/3)/2, and oc . Since TS fixes p and permutes 0, oc and 1 cyclically, the three transforms of S? by /, TS and (TS)2 fit together around p to form an "ideal triangle" iT with vertices at 0, 1 and oo . Let (y) denote the transform of ET by y for y e T. Then these triangles (y) form a triangulation of the upper half-plane ¡ff, whose vertices are precisely the cusps: the vertices of (y) are the cusps y(0), y(\) and y(oc). Note that <y) = (yTS) = (y(TS )2) but that otherwise the triangles are distinct. The triangle (y) has three (oriented) edges; in the modular symbol notation of [2] , these are (y) = {y(0),y(<x>)}, (yTS) = {yTS(0),yTS(oo)} = [y(oo), y(l)}, and (7(TS)2) = {y(TS)2(0),y(TS)2(oc)} = {y(l), y(0)}.
Here the modular symbol {a, ß) denotes a geodesic path in %" from a to ß-Assume, for simplicity, that To has no nontrivial elements of finite order, i.e., no conjugates of either S or TS. (This assumption is merely for ease of exposition; in fact, it is easy to see that elliptic elements of Tq contribute nothing to the formula in Theorem 2 below in any case.) Choose, once and for all, a set S? of right coset representatives for T0 in T, such that y eS" implies yTS e y ; this is possible since, by hypothesis, To contains no conjugates of TS.
Let y be a subset of 5? which contains exactly one of each triple y , yTS,
Then a fundamental domain for the action of T0 on J** is given by
•*"= U (7).
yd-/" Im (tuto') = Vol(£y) • In general, this set need not be connected, but this does not matter for our purposes: it can be treated as a disjoint union of triangles, whose total boundary is the sum of the oriented edges (y) for y e<9*.
The key idea in our algebraic reformulation of Zagier's method is to make use of the coset action of Y on the set 5?. We introduce notation for the actions of the generators S and T of Y.
Action of S. For each y G S? we set yS = s(y)a(y), where s:S? -► Yq is a function and a:S^ -» 5^ is a permutation. Since S2 is the identity, the same is true of a, and s(a(y)) = s(y)~]. For brevity we will write y* = a(y), so that y** = y for all y eS".
Note that the triangles (y) and (yS) are adjacent in the triangulation of %?, since they share the common side (y) = {y(0), y(oo)} = -(yS). (Here the minus sign denotes reverse orientation.) However, since in general we do not have y S G 3", in the fundamental domain ^0 for To it is the triangles (y) and (y*) which are glued together by the element s(y) G To which takes (y*) to -(y) (the orientation is reversed).
Action of T. Similarly, for y € y we set yT = t(y)x(y) with t(y) e Yq and x(y) e S?. The permutation t of y plays a vital part in what follows. Lemma 1 will not be used later, but is included for its own interest as it explains the geometric significance of this algebraic permutation. (b) The length of the orbit of y is the least k > 0 such that yo = yTky~x = (yTy~x) G T0, which is the width of the cusp y(oo), since the stabilizer of y(oo) in T is generated by yTy~{ . □ Thus there is a one-one correspondence between the orbits of x on S? and the classes of r0-inequivalent cusps, with the length of each orbit being the width of the corresponding cusp.
In each r-orbit in 5?, we choose an arbitrary base point yi, and set y;+i = x(yf) for 1 < j < k, where k is the length of the orbit and yk+i = yi . Thus YjT = t(yj)yj+i, so that yxT> = t(yi)t(y2)---t(yj)yj+l.
In particular, yx Tk = y0yi, where
Lemma 2. There holds
where the sum is over a complete x-orbit on S? and where co is the period map of the previous section.
Proof. Since yn = yi^yj"1 is parabolic, we have to(yo) = 0. Since a; is a homomorphism, the result follows. □ Lemma 3. We have s(yTS) = t(y) for all y G S?. Proof. We have t(y)x(y) = yT = (yTS)S = s(yTS)a(yTS), since yTS G S". Hence t(y) = s(yTS), and also x(y) = a(yTS). D Write y -< y' if y and y' are in the same r-orbit in y, and y precedes y' in the fixed ordering determined by choosing a base point for each orbit. In the notation above, y -< y' if and only if y = y, and y' = y¡, where 1 <i<j< k. We can now state our main results. Combining this result with Proposition 1 of the previous section, we immediately obtain our explicit formula for the degree of the modular parametrization (p. In the case of ro(7V), these steps can easily be carried out within the framework described in [2] , and we will give some further details in §5 below.
Remarks. 1. The formula given in Theorem 3 expresses deg(0>) explicitly as a sum which can be grouped as a sum of terms, one term for each cusp, by collecting together the terms for each r-orbit. It is not at all clear what significance, if any, can be given to the individual contributions of each cusp to the total.
2. The form of our formula is identical to the one in [5] . However, we should stress that in [5] , the analogue of our coset action t is defined not algebraically, as here, but geometrically, as a permutation of the edges of a fundamental polygonal domain for To (and dependent on the particular fundamental domain used). Then it becomes necessary to have an explicit picture of such a fundamental domain, including explicit matrices which identify the edges of the domain in pairs. This is only carried out explicitly in [5] in the case r0 = Yq(N) , where N is a prime. In our formulation, the details are all algebraic rather than geometric, which makes the evaluation of the formula n\(t(7)) ni(t(Y')) n2(t(y)) n2(t(y')) '
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use more practical to implement. Also, we have the possibility of evaluating the functions n\ and n2 exactly using modular symbols, instead of using numerical evaluation of the periods, which reduces the computation of de%(q>) entirely to linear algebra and integer arithmetic.
3. There are other formulas for deg((p), involving special values of the Lfunction attached to the symmetric square of Ef. This connection is discussed in [1] and [3] . As pointed out by an anonymous referee, this formula implies that there should be a simple relation between the degrees of modular parametrizations of quadratic twists. Also, both deg(<p) and the symmetric square L-value are related to so-called "congruence primes", see [4] . We do not go into these connections further here, but hope that our methods and the data which we have computed will help in these and other related investigations.
In the next section we will prove Theorem 2. Hence, since ||/||2 is real, we obtain \\f\? = ^2lrnY^(7))^rW)-y
Since we have chosen the set of coset representatives S? to be closed under right multiplication by TS, we can replace y by yTS in the previous sum, to get U/H2 = ^2lmYo}(s(YTS))ç>i(y(oe)) y = -^2lmYoe(t(7))(P^7(oo)), y where we have also used Lemma 3. Finally, in the last expression for ||/||2, we divide the sum into z-orbits; using the notation of the previous section, the contribution from one orbit is k _ Y^(t(Yj))<P\(yj(oc))
Summing over all orbits, we obtain the result of Theorem 2. D
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The case of r0(7V) : implementation and results
In this section we discuss the case r0 = Y0(N) in greater detail. We have implemented the algorithm in this case as part of our suite of modular elliptic curves programs which were described in [2] ; to date (June 1994) we have computed all modular elliptic curves of conductors up to N = 3000, together with the degrees of their modular parametrizations (in all but a very small number of cases). It is not practical to give complete tables of these results here, as there are approximately 9500 curves (up to isogeny) with conductor up to 3000. Instead, we give results in a selection of specific cases, and a table and ad -be = ps -qr = 1 , whose period co(S) will contribute to the partial sum for this orbit. When this happens, we say that the orbit has a "jump" at this point. Different choices for a, b, p and q only change ô by parabolic elements, and so do not affect the period co(S). We continue until we return to the starting pair, and then move to another orbit, until all M-symbols have been used. As checks on the computation we may use Lemmas 
